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PREFACE 
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1.0 INTRODUCTION 

The  m i n i m i z a t i o n  of tunne l  wal l  i n t e r f e r e n c e s  has  b e c o m e  one  of 
the  m a j o r  t a s k s  a f t e r  the  i n t roduc t i on  of v e n t i l a t e d  t r a n s o n i c  tunne l s .  
A v a r i a b l e ,  but u n i f o r m l y  d i s t r i bu t ed ,  p o r o s i t y  wal l  was  d e s i g n e d  to 
r e d u c e  i n t e r f e r e n c e s  at v a r i o u s  Mach n u m b e r s ,  e . g . ,  the  A e r o d y n a m i c  
Wind Tunne l  (4T) at AEDC. The  r e c e n t  r e q u i r e m e n t  fo r  an i n c r e a s e  in 
the  s i z e  of the t e s t i n g  m o d e l  to a c h i e v e  h i g h e r  R e y n o l d s  n u m b e r  c r e a t e s  
s e v e r e  i n t e r f e r e n c e  which  p r o h i b i t s  ob t a in ing  use fu l  data .  In add i t ion ,  
the  ax ia l  g r a d i e n t s  of i n t e r f e r e n c e  may  c a u s e  i n t e r f e r e n c e  on p i t ch ing  
m o m e n t  f o r  a long  m o d e l .  By i n t r o d u c i n g  an ax ia l ly  d i s t r i b u t e d  p o r o s -  
ity in the  wa l l s  of a s l o t t ed  tunnel ,  the  e l i m i n a t i o n  of p i t c h i n g  m o m e n t  
and l i f t  i n t e r f e r e n c e s  was  a c h i e v e d  in the  e x p e r i m e n t a l  d e v e l o p m e n t  of  
wa l l s  f o r  V / S T O L  t e s t i n g  (Ref.  1). It is n e c e s s a r y  to s e a r c h  fo r  a 
t h e o r e t i c a l  o p t i m u m  p o r o s i t y  d i s t r i b u t i o n  fo r  the  m i n i m i z a t l o n  of i n t e r -  
f e r e n c e  as the  g u i d e l i n e  fo r  an e x p e r i m e n t a l  p r o g r a m .  

The  f i r s t  t h e o r e t i c a l  a p p r o a c h  to the  p r o b l e m  has  been  c a r r i e d  out 
in Ref.  2 to r e d u c e  the  i n t e r f e r e n c e  in a t w o - d i m e n s i o n a l  p e r f o r a t e d  
tunne l  by a g a u s s i a n  type  d i s t r i b u t i o n  of p o r o s i t y  with an a p p r o x i m a t e  
m e th o d .  Spec i f i ca l ly ,  a s y s t e m  of i n t e g r a l  equa t ions  was  d e r i v e d  u s i n g  
F o u r i e r  t rans~ 'orm and convo lu t ion  t h e o r e m s  and then  s o l v e d  by the  
c o l l o c a t i o n  m e t h o d  with a s e r i e s  f o r m  r e p r e s e n t i n g  the  unknown func-  
t ions .  The  s e l e c t i o n  of a g a u s s i a n  d i s t r i b u t i o n  is s t r i c t l y  b a s e d  on the  
m e r i t s  of m a t h e m a t i c a l  , s impl i c i ty .  The  r e d u c t i o n  of i n t e r f e r e n c e  is 
a c h i e v e d  (Ref.  2) by u s i n g  a s i m p l e  s i n g u l a r i t y  to r e p r e s e n t  the  t e s t  
m o d e l .  Th i s  has  been  e x t e n d e d  to a f in i t e  c h o r d  a i r fo i l  to p e r m i t  c o m -  
p a r i s o n s  d i r e c t l y  with e x p e r i m e n t a l  data  (Ref.  3). H o w e v e r ,  the  
a p p r o x i m a t e  m e t h o d  is l i m i t e d  to c e r t a i n  p o r o s i t y  d i s t r i b u t i o n s .  The  
c o m p l e t e  e l i m i n a t i o n  of the  m a g n i t u d e  and axia l  g r a d i e n t  of i n t e r f e r e n c e  
r e q u i r e s  a n o n g a u s s i a n  p o r o s i t y  d i s t r i bu t i on .  To p r o v i d e  such  a so lu -  
t ion,  a n u m e r i c a l  m e t h o d  fo r  c o m p u t i n g  the  i n t e r f e r e n c e  has  b e e n  d e v e l -  
oped  to s e a r c h  fo r  an o p t i m u m  conf igu ra t i on  in the p r e s e n t  s tudy.  The  
app l i ca t i on  of a m o d i f i e d  m e t h o d  of B lock  Cyc l i c  Reduc t ion  (Ref. 4) to 
the  lift  i n t e r f e r e n c e  c o m p u t a t i o n  is p r e s e n t e d .  The  s c h e m e  to s e a r c h  
fo r  an o p t i m u m  c o n f i g u r a t i o n  is d i s c u s s e d  and e x t e n d e d  to a f in i t e  a i r -  
foi l .  The  l if t  i n t e r f e r e n c e  is c a l c u l a t e d  f o r  an NACA 6 4 - s e r i e s  a i r f o i l  
in an o p t i m u m  con f igu ra t i on  to d e m o n s t r a t e  the  a c h i e v e m e n t  of m i n i -  
m i z a t i o n  of i n t e r f e r e n c e .  The  ef fec t  of t e s t  s ec t i on  l eng th  is b r i e f l y  
e x a m i n e d .  
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2.0 GENERAL ANALYSIS 

The  l i f t  interference in a two-dimensional porous transonic tunnel 
is formulated for tunnel walls with varying porosity distributions. The 
optimum porosity distribution may then be obtained by judicious selec- 
tion for a given application. 

2.1 FORMULATION OF MATHEMATICAL PROBLEM 

The field equation of an inviscid, irrotational fluid for subsonic 
flow in terms of the perturbation velocity potential @ in X-Y coordinates 
{Fig. I) is 

B2 B2¢ B2¢ 
-- + -- = 0 (1) 
aX 2 By2 

F o r  the  b o u n d a r y  cond i t i on  of the  tunne l ,  the  a v e r a g e  m a s s  f low is 
a s s u m e d  p r o p o r t i o n a l  to the  p r e s s u r e  d rop  a c r o s s  the  p o r o u s  wa l l  as  

R(x) ~-~ + ~)--~ = 0 at Y = ±h ( 2 )  

w h e r e  R(x) is the  e m p i r i c a l  c o n s t a n t ,  o r  p o r o s i t y  p a r a m e t e r ,  of the  
p o r o u s  wal l  and  is a func t ion  of s t r e a m w i s e  l o c a t i o n .  

MODEL IN A TUNNE~ , Y 

R(X)÷x + ~ y ' O  I 

' 1 ! 
I ~ x x +  4~vo o 

~1",,,1° 01 

I 
I 
I 
I 
I__ 

.~x)% - 'k. • o 

T--l 
2h 

k I -x  

MODE~ L 

c : = = ~  = T - - ~ ~  

t Y 

= --333333~'x 
Y[x ) 

Figure 1. Boundary value problem for tunnel lift interference. 
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Within the  a s s u m p t i o n s  of l i n e r a r i z e d  theory ,  the p e r t u r b a t i o n  
ve loc i t y  po ten t i a l  may  be d iv ided  into two p a r t s  as  

= ~ + ~m ( 3 )  

w h e r e  ~ is the i n t e r f e r e n c e  po ten t i a l  c a u s e d  by the p r e s e n c e  of tunne l  
wa l l s  and ~m is the  d i s t u r b a n c e  po ten t i a l  induced  by a mode l .  The  
l i n e a r i t y  of the  f ie ld  equat ion  and bounda ry  cond i t i ons  in the  n o r m a l -  
ized  c o o r d i n a t e s  x = X/13h0 y = Y / h  g ives  

and 

-- - o (4) 
~x 2 ~y~ 

R(x) ~ + _ ~$ IR~x) ~%m _ ~m~ - ,- + y = +_i (5) 
8 ~x ~y ~x ~y /' 

with the  u p s t r e a m  and d o w n s t r e a m  cond i t i ons  d e s c r i b e d  as 

~)(_+==) = o (6) 

The  f o r m u l a t i o n  is c o m p l e t e d  with the  se t  of Eqs.  (4), (5), and (6). 
The  f in i t e  d i f f e r e n c e  m e t h o d  wi l l  be u s e d  to so lve  th is  s y s t e m .  An 
e f f i c ien t  n u m e r i c a l  s c h e m e  is p r o v i d e d  by the m o d i f i c a t i o n  of B lock  
Cyc l i c  Reduc t ion  to y i e ld  a so lu t ion  of the f in i te  d i f f e r e n c e  equa t ions .  

2.2 FINITE DIFFERENCE EQUATIONS 

To deve lop  the fini.te d i f f e r e n c e  equa t ions ,  it is a s s u m e d  that  the  
i n t e r f e r e n c e  po ten t i a l  4) e f f ec t i ve ly  b e c o m e s  z e r o  at a l a r g e  f in i te  d i s -  
t a n c e  f r o m  the  m o d e l  loca t ion .  This  d i s t a n c e  wil l  be  deno ted  x*. 

C o n s i d e r  the  r e c t a n g u l a r  r e g i o n  

< y < 

Le t  N be any p o s i t i v e  i n t e g e r  and le t  k be any n o n n e g a t i v e  i n t e g e r .  

7 
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L e t  the  r e g i o n  R be o v e r l a i d  wi th  a r e c t a n g u l a r  ne t  

~x i = xi+ 1 

Define M = 2 k. 
wi th  s p a c i n g s  

- X .  
1 

1 = 0, .... , N-I 

where the mesh points in the x direction may be distributed as desired. 
It will be required that x o =-x$ and x N = x~. 

1 and yj = j~y j = 0, +I, +M. In the y direction, ~y = ~ ..., 

For notational convenience, column vectors such as 

U = wil l  be  d e n o t e d  as  

D ~r 

u 1 

u 2 

uN 

col u. - Cu,, u 2, .... . u.l 

and  any  NxN t r i d i a g o n a l  m a t r i x  K of the  f o r m  

K = 

m 

b I c I 

a 2 b 2 c 2 
% 

% 
% 
% 
% 
% 

a N b N 

will be denoted by K = (a i. b i. Ci)Nx N. 

8 
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Let  the  va lue  of the so lu t ion  of the f in i te  d i f f e r e n c e  equa t ions  at  the  
po in t  (x i, yj) be denoted  as  ¢i, j and le t  

¢.£ = CO1(¢i,£' ¢2,9.' ..... ' @N-I-,£) 

= 0, ±i, .... , ±M. 

(7) 

Us ing  the c e n t e r e d  second  d i f f e r e n c e  a p p r o x i m a t i o n  fo r  ~2¢ and ~2¢ 
3 x2 ~y2 

as  given in Ref. 5 f o r  v a r i a b l e  s teps ,  the f in i t e  d i f f e r e n c e  a p p r o x i m a -  
t ion  to Eq. (4) on R b e c o m e s  

<~ #i+l, j ¢i,j ¢i-i,~ ) 
xi (~ xi+6Xi_l) - 6Xi_l~X i + ~x. (6x.+6 "z-i z Xi-l) 

+ @i,~+l - 2@i,~ + ¢i,~-i 
26y 2 

= 0 

(8) 

i = i, ..... , N-I 

j = 0,-+i, .... , -+(M-l) 

Let  

Since it is r e q u i r e d  tha t  ~b (-x*,  y) = ~b (x~, y) = 0, t h e r e  r e s u l t s  
~bN, j =~bo, j =0, j =0, ±1 . . . . .  +M. Then  Eq. (8) m a y  be w r i t t e n  

-~j+l + A~j + ~j-i = 0 
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w h e r e  A is the  m a t r i x  

A = (Ci, bi, ai)N-I x N-I (9) 

The  p r o c e d u r e  a long the b o u n d a r i e s  y ---+1 is as fo l lows:  

+ ( ~¢m(Xi ,-+I) ~¢m(Xi, +i) 1 Let B[ = - + T ~x - i 8y 

w h e r e  T i = 8/R(xi) i = 1,2,..., N-I 

On y = +1, the  d i f f e r e n c e  a p p r o x i m a t i o n s  g iven in Ref. 5 a r e  aga in  u s e d  
to a p p r o x i m a t e  Eq. (5) r e s u l t i n g  in 

w h e r e  

Pi¢i+l,M + qi ~i,M + ri¢i-l,M 

$i,M+l - ¢i,M-I B~ +T. = 2~y i 

Pi = 6xi_i/[~x i (6xi + 6Xi_l) ] 

qi =(~x.~ - 6Xi_l)/(~xi6Xi_l ) 

(lo) 

and ri =- ~xi/[~xi_ 1 (~xi + 6Xi_l) ] • 

Eq. (4) is a l so  r e q u i r e d  to hold f o r  y = +I which  g ives  

¢i,M+l + ai %i+l,M + bi ¢i,M + ci ¢i-l,M + ~i,M-i = 0 

E l i m i n a t i n g  ~i, M~I f r o m  t h e s e  two equa t ions  y i e l d s  

(II) 

I0 
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where E is the matrix 

[ I ( q l  - T i b  i ,  1 (p I - Tiai) ] 1 (r I _ Tici ) E = ~ , ' 2 N-I x N-I 

with qi* = 26y qi' P*i = 2dy Pi' r~ = 26y r i, f+i = -dY B+i 

and w h e r e  

T = (0, T i, 0)N-I x N-I" 

In a s i m i l a r  m a n n e r  it can  be  shown that  on the  b o u n d a r y  y =-  1, 

T~I_ M = ~_~ + f- . (12) 

T h e  se t  of f i n i t e  d i f f e r e n c e  e q u a t i o n s  (Eqs .  (8), ( I I ) ,  and (12)) is 
r e a d i l y  so lved  f o r  the  d e t e r m i n a t i o n  of l i f t  i n t e r f e r e n c e  o n c e  the l if t  
po t en t i a l  is  e s t a b l i s h e d .  

3.0 LIFT INTERFERENCE 

The  l i f t  i n t e r f e r e n c e  f a c t o r  is de f ined  by 

C 1 ~ = 
SC L U ~y 

In p a r t i c u l a r ,  the  f a c t o r  a long  the  c e n t e r l i n e ,  y = O, 

by 

c i t l -  t -1 = 
SC L U 2 ~y 

can  be o b t a i n e d  

(13) 

w h e r e  ~ i - @ -1 can  be c o m p u t e d  by so lv ing  an N-1 s y s t e m  of e q u a t i o n s  
u s i n g  the  Modi f i ed  Method  of B lock  C y c l i c  R e d u c t i o n  wh ich  is d e s c r i b e d  
in A p p e n d i x e s  A and B. 

II 
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3.1 SMALL CHORD AIRFOIL 

In t h e  f i r s t  s t e p ,  a s i m p l e  v o r t e x  is  c h o s e n  to r e p r e s e n t  t h e  l i f t  
m o d e l  a s  

_ - F  ~m 2~ tan-i (14) 

A s o l u t i o n  f o r  t h e  c a s e  of  a w a l l  w i t h  a u n i f o r m  p o r o s i t y  d i s t r i b u t i o n  
h a s  b e e n  o b t a i n e d  to c h e c k  w i t h  t h e  k n o w n  a n a l y t i c a l  s o l u t i o n  c a s e  a n d  
is  s h o w n  in F i g .  2. T h e  s e c o n d  c a s e ,  c o m p u t e d  f o r  an  i n v e r s e  g a u s -  
s i o n  d i s t r i b u t i o n  of  R / E ,  is  c o m p a r e d  w i t h  r e s u l t s  o b t a i n e d  by  t h e  
a p p r o x i m a t e  m e t h o d  (Ref .  2) in F i g .  3. T h e  a g r e e m e n t  b e t w e e n  t h e  
r e s u l t s  u s i n g  t h e  p r o p o s e d  t e c h n i q u e  a n d  p r e v i o u s  s o l u t i o n s  f o r  t h e  
a b o v e  c a s e s  i n d i c a t e s  t h a t  t h e  a c c u r a c y  of  t h e  p r e s e n t  n u m e r i c a l  s o l u -  
t i o n  is  s a t i s f a c t o r y .  

Z - o  I z, l  

IAI 

" L 
W 
~ -0 2 z_ 

u._ 

~ -0.3 

ANALYTICAL METHOD 
• PRESENT NUMERICAL METHOD 

I I I I I I 

0.667 

1.500 

4.000 

3 -1.5 - I .0  -0.5 0 0.5 1.0 1.5 2 .0  
LONGITUDINAL DISTANCE ALONG TUNNEL CENTERLINE, x/,81t 

Figure 2. Comparison of block cyclic reduction and analytic solutions 
for walls with uniform porosity distribution, 

3.2 OPTIMUM POROSITY DISTRIBUTION 

T h e  i d e a l  p o r o s i t y  d i s t r i b u t i o n  f o r  a t u n n e l  w a l l  is  d e f i n e d  a s  t h a t  
w h i c h  i n d u c e s  no l i f t  i n t e r f e r e n c e  a n y w h e r e  in t h e  t e s t  s e c t i o n .  In t h e  
m a t h e m a t i c a l  s e n s e ,  t h e  u p w a s h  i n t e r f e r e n c e ,  ~)~ / a y ,  v a n i s h e s  e v e r y -  
w h e r e ;  o r  t h e  i n t e r f e r e n c e  p o t e n t i a l  is  a t r i v i a l  s o l u t i o n  of  t h e  s y s t e m  

]2 
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APPROXIMATE METHOD 
• PRESENT NUMERICAL METHOD 

0 . 2  

E o . i  

w 0 
(.1 
Z 
h i  
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E 

I "  
Z 
- - O . Z  - 
I,- 
b .  
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Figure 3. 

l I i I I I 

i 

x/,Sh 
l I I I I I 

- I . 5  - I . 0  - 0 . 5  0 0.5 1.0 1.5 
LONGITUDINAL DISTANCE ALONG TUNNEL CENTERLINE, x l ~ h  

Comparison of block cyclic reduction and approximate solutions 
for walls with inverse gaussian porosity distribution. 

2.0 

of Eqs.  (4), (5), and (6). Th i s  so lu t ion  can be ob t a ined  by o b s e r v a t i o n  
as  the  r i g h t - h a n d  s ide  of Eq. (5) b e c o m e s  z e r o  and subs t i t u t i ng  Eq. (4) 
then  

( aCm/ aCm) 
R(x)/8 = T- ~ a--~ y = _+i 

(15) 

= X 

H o w e v e r ,  the p o r o s i t y  p a r a m e t e r  fo r  the p e r f o r a t e d  wal l  IR//3 can  only  
have  a p o s i t i v e  va lue  b e c a u s e  the  m a s s  flow is a lways  f r o m  the  h igh-  
p r e s s u r e  to the l o w - p r e s s u r e  s ide .  Thus.  a dist/~ibution of R(x) /~ is 
s e l e c t e d  and shown in Fig .  4 and Tab le  1 deno ted  by Conf igu ra t ion  C as  

X/Sh x >.. 0 
R(x)/S = (16) 

0 x.< 0 

to evaluate the interference. The lift interference factor for Configura- 
tion C has been calculated and is shown in Fig. 5. The interference fac- 
tors for three additional Configurations D, E, and F (Fig. 4 and Table I) 

13 
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Wall configuration with various porosity distributions. 

Table 1. Wall Porosity Distribution, R//3 for Various Configurations 
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Figure 5. Lift interference on a small chord airfoil in tunnels 
with various wall configurations. 

with a s l igh t  v a r i a t i o n  f r o m  C o n f i g u r a t i o n  C have  been  c a l c u l a t e d  and 
a r e  p r e s e n t e d  in F ig .  5. Also  p lo t t ed  in F ig .  5 a r e  r e s u l t s  fo r  wa l l s  with 
u n i f o r m  ( C o n f i g u r a t i o n  A) and i n v e r s e  g a u s s i a n  ( C o n f i g u r a t i o n  B) p o r o s -  
ity d i s t r i b u t i o n s .  It s e e m s  that  C o n f i g u r a t i o n s  C and D give,  o v e r a l l ,  
l e s s  i n t e r f e r e n c e .  

3.3 FINITE CHORD AIRFOIL CASE 

For a finite chord airfoil with camber and incidence, 
distribution of vortices can be used as 

a d i s c r e t e  

-I 
Cm = ~ ~ ej(~j) 

-i y 
h~ • tan x- ~j (17) 

15 
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T h e  r e s u l t s  f o r  the NACA 6 4 - s e r i e s  a i r f o i l  wLth a c h o r d  C = 0 . 5 / ~ h  
a r e  p r e s e n t e d  in F ig .  6 and i n d i c a t e  that  C o n f i g u r a t i o n s  D and E exhib i t  
the  m o s t  s a t i s f a c t o r y  d i s t r i b u t i o n  of p o r o s i t y  to ob ta in  the m i n i m u m  
i n t e r f e r e n c e  f a c t o r .  

0.2, 

dlO 
I 

0 i -  0.1 
0 

L/. 

I.i,.I 

z 0 
W 
n," 
W 
L.L 
n "  
i.U 
t-- -0.1 
Z 

I - -  

. - ]  

° l -0. 0 

I i I , i i 

CONFIG 

D 

B 

I I i I I I 
-I 5 -I.0 -0.5 0 0.5 1.0 1.5 2.0 

LONGITUDINAL DISTANCE ALONG TUNNEL CENTERLINE, x /~h  

Figure 6. L i f t  interference on a f inite chord airfoil in tunnels 
with various wall configurations. 

3.4 EFFECT OF TEST SECTION LENGTH 

Most  a n a l y t i c a l  a p p r o a c h e s  in wind tunne l  t h e o r y  have  a s s u m e d  the 
l eng th  of t e s t  s e c t i o n  to be inf in i te  fo r  m a t h e m a t i c a l  s i m p l i c i t y .  T h e  
e f fec t  of t e s t  s e c t i o n  l eng th  on the  l if t  i n t e r f e r e n c e  is of i n t e r e s t  s i n c e  
the  a c t u a l  tunne l  t e s t  s e c t i o n  l eng th  is u s u a l l y  about  two to t h r e e  t i m e s  
the t e s t  s e c t i o n  he igh t .  The  v e r s a t i l i t y  of the  p r e s e n t  a p p r o a c h  can  be  
app l i e d  to e x a m i n e  the  ef fec t  of t e s t  s e c t i o n  l eng th .  F o r  the u n i f o r m  
p o r o s i t y  d i s t r i b u t i o n  c a s e ,  the c o m p a r i s o n  of l i f t  i n t e r f e r e n c e  of a 
f i n i t e  t e s t  s e c t i o n  as  -2 <~ x /~h  ~ 3 { u p s t r e a m  and d o w n s t r e a m  r e g i o n s  
u s i n g  so l id  walls} with  the in f in i te  t e s t  s e c t i o n  is shown Ln F ig .  7 and  
i n d i c a t e s  the ef fect  on the  i n t e r f e r e n c e  in the r e g i o n  x/;3h > 2. It can  
be s een  that  the  a s s u m p t i o n  of an in f in i te  l eng th  t e s t  s e c t i o n  f o r  the  
c a l c u l a t i o n  of i n t e r f e r e n c e  in the n e i g h b o r h o o d  of the  m o d e l  a p p e a r s  
r e a s o n a b l e .  

]6 
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INFINITE LENGTH TUNNEL 

FINITE LENGTH TUNNEL ( - 2  $ x /~h < 3 )  

I I I I I I ! ¢oo ~,.<B:" 0.I[0 
bJ " 

Z 
w -O. f  -- o= 
hJ u. 
o: uJ 
P" - 0 . 2  - Z 
I -  
M. 

. J  
- 0 . 3  

-4 .0  

R / ~  • 0 . 2 5 0  

' i l l  f ,5 z z , ,  IZ " hi, 

I . L  I 
- 3 . 0  -2~) - I . 0  0 1.0 2 .0  3.0 

LONGITUDINAL DISTANCE ALONG TUNNEL CENTERLINE,  x/ /gh 

~ ooot/S 

t I 1 J 
4.0 

Figure 7.  E f fec t  of  test section length on l i f t  interference.  

4.0 CONCLUDING REMARKS 
An efficient numerical scheme has been developed by a modification 

to the ]Block Cyclic Reduction Method for computing lift interference in 
a wind tunnel with an arbitrary distribution of wall porosity. A compar- 
ison with other available analytical and approximate solutions has demon- 
strated the acct~racy of the present numerical method. The optimum 
porosity distribution to minimize interference is obtained by the varia- 
tion of the ideal mathematical configuration which produces exact 
interference-free condition. The minimization of interference is also 
presented for a finite chord airfoil in the optimum wall configurations. 

The optimum wall porosity configurations have been calculated for 
both a simplified ideal airfoil and a finite chord airfoil. The effect of 
test section length has been also studied. 
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APPENDIX A 
METHOD OF BLOCK CYCLIC REDUCTION 

C o n s i d e r  the p r o b l e m  of so lv ing  the f in i t e  d i f f e r e n c e  ana log  to 
L a p l a c e ' s  equa t ion  with the  b o u n d a r y  c o n d i t i o n s  

¢(-x*,y) = ¢(x*, 

+ 
¢ ( x , - + l )  = g-(x) 

y) = 0 -i < y < 1 

-X*< X < X* 

(A-I) 

and w h e r e  g+ (x) a r e  g iven  func t ions  with  

+ + 

g-(x*) = g-(-X*) = 0 .  

It is wel l  known that  r e p l a c i n g  L a p l a c e ' s  equa t ion  on the  r eg ion  
R by a c e n t e r e d  second  d i f f e r e n c e  a p p r o x i m a t i o n  and i m p o s i n g  the  
b o u n d a r y  cond i t ions  g iven  in Eq. (A-1) y i e l d s  the  p r o b l e m  

D ~= y (A-2) 

w h e r e  D is the ( 2 M - I )  ( N - l )  x ( 2 M - I )  ( N - l )  r e a l  s y m m e t r i c  m a t r i x  
which  has  the b lock  t r i d i a g o n a l  f o r m  

D : (I, A, I)2M_ I x 2M-I 

~ : : o 1 ( . ~ M _ 1 ,  

L i k e w i s e ,  the v e c t o r  y is g iven by 

y_ = = o l ( - ~ M ,  0,. . . . .  , 0,. - -~ -M)  " 

In t h e i r  d e s c r i p t i o n  of Block  Cyc l i c  Reduc t ion ,  
N ie l son  (Ref. 6) f i r s t  w r i t e  Eq. (A-2) as  

and A is the m a t r i x  def ined  in Eq. (9). 

The  v e c t o r  ~ wil l  be g iven  in p a r t i t i o n e d  f o r m  as  

.~M-2' " ' ' '  ~I-M ) 

Buzbee, Golub, and 

]9 
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A~¢M-1 + -¢M-2 = YM-1 {A-3a) 

-¢j+l + A~j + ~j-1 = 0 j=0,+l,...,+(M-2) (A-3b) 

¢2-M + A-¢1-~x = Y-I-. • (A-3c) 

Then  fo r  j =~-1,  ~, ~+1 w h e r e  ~ =-M+2 . . . . .  M-2, Eq. (A-3b)  can  be 
w r i t t e n  

-¢4+2 + A-¢4+I + -~4 = o 

-'4+i + A¢~ + -'4-i = o 

¢-4 + A¢-4-I +¢4-2 = o . 

Then  m u l t i p l y i n g  the m i d d l e  equa t ion  by -A and adding  the t h r e e  
equa t ions  y i e l d s  

-¢4+2 + (2I-A2)~E + ~4-2 = 0 

for 4 = - M+2, ... , M-2 . 

Buneman, as described by Hockney (Ref. 7) proceeds by these steps 
and then reapplies the method. Thus with 

A 1 - 2I_A 2 , 

-¢4+4 + ~xi-¢4+2 + ¢4 = o 

.¢~+2 + 'h-¢~ + -~4-2 o 

.¢4 + AI-¢4-2 + .~4-4 = o 

where 4 = - M+4, ... , M-4 

and again, multiplying the middle equation by -A, and adding yields 

~+4 + (2I-A2)¢-£ + ~4-4 ffi 0 . 

Then  r e p e a t i n g  the  p r o c e s s  of cyc l i c  r e d u c t i o n  r e c u r s i v e l y ,  B u n e m a n  
ob ta ins  fo r  the i th r e c u r s i o n  

20 
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H enc e, 

.~j+2i + Ai~ j + .~j_2± 

A i = 2I-A2_I 

A 0 =A 

when j = 0 and i = k there results 

-~M + Az~-0 + ~-. = 0 

= 0 

so that 

~0 = - ~" c~M + -~-M I • 

4 M and -~-M are known values from Eq. (A- I); hence, -~.0 may be 

found by inverting an (N-I) x (N-1) matrix. Once .~0 is known, the 
method may be repeated on the regions 

icxy x x xl icxy x x xl 
R u = and R L = 

0 <y < 1 ] 1 <y < 0 

(A-4) 

solving for ~M and ~ M 

2 2 

These steps are repeated until all the vectors ~ ~ - 0, +i ..... 
are found. Each step requires finding the solution to IN-1 linear 
equat ion s. 

+(M-l) 
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APPENDIX B 
MODIFICATION OF BLOCK CYCLIC REDUCTION 

The  se t  of f in i t e  d i f f e r e n c e  equa t i ons  (Eqs .  
d e v e l o p e d  in Sec t ion  2 .2  and is g iven  by 

-¢j+l + A Cj + ~j-i = 0 

j = 0, + 

T .I-M =  '.tM + 

(8), (11), and (12)) was  

~l oo. 8 (M-l) (B- i) 

(B- 2a) 

(B- 2b) 

It wi l l  be shown that  the  v e c t o r s  @M and ~ - M  can  be found as  the  so lu -  
t ion to a s y s t e m  of 2 ( N - l )  l i n e a r  equa t ions .  

At th i s  point ,  

Le t  

a c h a n g e  of no ta t ion  wi l l  be m a d e  f o r  c o n v e n i e n c e .  

V£ = # £ =-M, M (B-3) 
+M £ "'" ' " 

Applying Eq. (B-3)  to Eq. ( A - 4 ) r e s u l t s  in 

+ Ai Yj+M + V = 0 
~j+2i+M ~j-2i+M (B-4)  

Theorem I 

w h e r e  

v~+ I = F n Y~ + % Yz+2n 

n = i, 2, ... , K+I 

(B-5) 

and  ~ is such  that  

0 a n d  2 n + 2, < 2M , 

22 
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a n d  w h e r e  

Proof 

In Eq. 

T h e n  

hence 

Fn = Fn-i - Gn-i 1 n = 2} ... , 

Gn = - Gn-I An 1 n = 2, ... , K+I 

AEDC-TR -75-98 

A01 G 1 A01 F 1 = - , = - . 

( B - 4 )  l e t  j =1 - m +~  a n d  i = 0 .  

V2+~, + A0 [1+2, + V£ = 0 

K+l (B-6) 

(B-7) 

Y~+z- - A0ZcY~ + v~+2) 

-- F 1 V£ + G 1 Y~+2 

so the theorem holds for n - I. These steps would complete the proof 

for K =0 so now assume K > 0 and suppose Eq. (B-5) holds for n = L, 

L=I ..... K. 

T h e n  

V£+ 1 = F L VE + G L V +2L 

w h e r e  ~ is  s u c h  t h a t  

£ > 0 and 2L + £ < M 

In Eq .  ( B - 4 )  t h e n ,  l e t  j =2  L - 2 K +~ a n d  l e t  i = L .  

T h e n  

y2L+z+ ~ + ~ v2T.+ ~ + v~ - o 

(B-8) 
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or 

Substituting Eq. (B-9) into the inductive hypothesis Eq. 

= (F L - G L ALI)V ~ - G L ALl V2L+I+E 

= FL+ 1 V£ + GL+ 1 V2L+I+. £ 

and h e n c e  the  p roof  is c o m p l e t e .  

Then  with n = K+I and ~ = 0. Eq. (B-5)  b e c o m e s  

In a s i m i l a r  m a n n e r ,  

~I = FK+I ~0 + GK+I ~2K+I 

= FK+Z Y0 + GK+Z ~2M " 

it m a y  be shown that  

~2M-I = FK+l ~2M + GK+I ~0 " 

(B-3)  to Eqs .  (B-10)  and (B-11)  g ives  

~I-M = FK+I ~-M + GK+I -#M 

~M-1 = FK+I ~M + GK+I ~-M " 

Apply ing  Eq. 

(B-10)  and (B-11)  into Eqs.  

(B-9) 

(B- 8) gives 

Subs t i tu t ing  Eqs .  
t ive ly ,  y i e l d s  

(B- I0) 

(B-t1) 

(B- 12) 

(B-13) 

(B-2a) and (B-2b) respec- 

• [F~. I ,. • GK. I ~_~] = E,~. f* 

T[FK+l ~-M + GK+I ~M] = E~-M + f- 

(B- 14) 

(B-15) 
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which  m a y  be w r i t t e n  in B lock  Mat r ix  f o r m  as 

G'~+I "r~+1 - -¢-4 • 
(B- 16) 

It wi l l  be no ted  that  Eq. (B-16)  is a l i n e a r  s y s t e m  of 2 ( N - l )  equa-  
t ions  which  can  be so lved  f o r  ~M and ~ - M "  Once  t h e s e  v e c t o r s  a r e  
known, the p r o b l e m  b e c o m e s  one of the  D i r c h l e t  type  which  can  be 
s o l v e d  by the  m e t h o d s  of Appendix  A. 

In T h e o r e m  I, l e t  n =K and ~ = M; then  Eq. (B-5)  b e c o m e s  

V M+I = FK VM + GK V2M " (B-17) 

Also ,  w r i t i n g  Eq. (B-4)  with j = 0, i = K and aga in .no t i ng  that  2 K = M 
r e s u l t s  in 

v2M + ~ v M + v o -- o 

or 

m 

vs = - A~ I (v o + v2.) • (B- 18) 

Subs t i tu t ing  Eq. 

L e t t i n g  

g i v e s  

(B-18)  into Eq. (B-17)  g i v e s  

VM+ 1 -- F K[- AK I(V 0 + V2M)] + G K V2M 

- (e~ - ~ ~ ) v ~  - ~ ~ v o 

S = G K - F K AK 1 and W = - F K AK 1 

and then  by u s e  of Eq. 

v~+ I - s Y2. + w v o 

(B-3)  

~1 - s ~ .  + w ~ - s  • 
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In a s i m i l a r  m a n n e r  it is found that 

Then 

Sub t r ac t i ng  Eq. 

+ s -M 

-~i- ~-i = (S-W) (-~M- ~-M ) " (B-19) 

(B-15) from Eq. (B-14) results in 

(T~K+I - TG~+I - ~') (~M - ~-M ) = (f+ - f-) 

so that  

~i - -~-i = (S-W)(TFK+ 1 - TGK+ 1 - E) -I (f+ - f-) (B-20) 

hence, ~i - -~-1 can be computed by solving an N-i system of equa- 

tions and the interference factor in Eq. (13) is obtained. 
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APPENDIX C 
METHOD OF EVALUATION 

The evaluation of the lift interference by use of Eq. (B-20) is 
greatly hindered by the number of operations required to evaluate the 
recursion matrices FK.~I and GK+ I. However, these computations 
may be greatly simplified by a simple application of induction and it 
is shown by use of Eqs. (B-6) and (B-7) that 

GK = (_I)K(AK_I .... A1 A0)-I (C-l) 

and 
K 

F K = ~. G£ 
£=i 

so t h a t  

FK+I 

K+I 

GK+ 1 = ~ G£ - GK+ 1 = F K . 
£=i 

Since S- W =OK, Eq. (B=20) becomes 

~z - ~-I - GKCTFK - E)-I(£ + - ~-) 

Now consider the matrix A given by Eq. (9). 

Define the matrix 

D = [0, d i, 0]N_I x N-I 

where d I = 1 and dj+ 1 = aj dj/Cj+ I, j = i, ..., N-2. (c-2) 

Define A = D ~ A D -½= [ci' bi' ai] N-I x N-I 

where b. = b. i = i, ..., N-I 
1 1 

(c-3)  

C 
,% 

and i = ai-i = 4ci ai-i i = 2, ..., N-I. 
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#& 

Then A is a real symmetric matrix for which many well known computer 
p r o g r a m s  can  be used  to .compute  the e i g e n v a l u e s  and e i g e n v e c t o r s  X j 
and x j .  j =1, . . . .  N-1.  

A 

From Eq. (C-3), A and A are seen to be similar matrices hence 
Aj and D - 1 / 2 x j  f o r m  an e igenva lue ,  e i g e n v e c t o r  p a i r  f o r  A. 

Le t  X be the u n i t a r y ^ m a t r i x  whose  c o l u m n s  a r e  the  se t  of o r t h o -  
n o r m a l  e i g e n v e c t o r s  of A. 

A 

Then X -1 A X = A 

where A = [0, Ai' 0]N-I x N-I " 

HenceQ-I A Q =A whereQ =D-I/2x. 

Now suppose  t h e r e  e x i s t s  a m a t r i x  Qk which  d i a g o n a l i z e s  A k so tha t  
Q~I Ak Qk =Ak" 

Then since 2 
Ak+ 1 = 27 - A k , 

_ 2 
Qkl Ak+l Qk = Qkl 2I Qk Qkl Ak Qk 

: 2I - Qk I A k Qk Qk I Ak Qk 

= 21 - A 2 . 

Hence,  Qk d i a g o n a l i z e s  both  Qk and Qk÷l .  Then  d ropp ing  the s u b s c r i p t  
on Q gives  

Q-I Ak Q = Ak 

so tha t  f r o m  Eq. ( C - l )  

k 
G k = (-11 (Ak_ 1 .... A1 Ao) 

-1 

= c-i  k cQ%_  Q-I Q%-2 Q-I ... AoQ-I 

= (-1) k (QAk_I .... A1 Ao Q-l) 
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But Q-1 = ( D - 1 / 2 X ) - 1  =X-1  D I / 2  

and since X is a unitary matrix, 

Q-I = X T D} . So finally, 

= x T D ½) G k (-l)k (D -} X lk-i .... Ii lo 

Hence  the work  of c o m p u t i n g  G k is s i m p l i f i e d  s i n c e  m o s t  m a t r i c e s  
involved  a r e  d iagona l  m a t r i c e s .  

It wi l l  be noted tha t  G k and F k a r e  func t i ons  on ly  of the m e s h  and 
h e n c e  the i n t e r f e r e n c e  m a y  be c o m p u t e d  v ia  Eq. (C-2)  fo r  m a n y  dif-  
f e r e n t  p o r o s i t y  d i s t r i b u t i o n s  T wi thout  hav ing  to r e c o m p u t e  t h e s e  
m a t r i c e s .  
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APPENDIX D 
COMPUTER PROGRAM 

Program Description 

MAIN 

The m a i n  p r o g r a m  is fo r  c o n t r o l  p u r p o s e s .  S E T T U P  shou ld  be 
c a l l e d  i m m e d i a t e l y .  TFIX is c a l l e d  w h e n e v e r  a new p o r o s i t y  d i s t r i b u -  
t ion is d e s i r e d .  EVALU8 is c a l l e d  to c o m p u t e  the  l i f t  i n t e r f e r e n c e .  
In the s a m p l e  l i s t ing ,  the  i n t e r f e r e n c e  is c o m p u t e d  fo r  the  four  p o r o s -  
ity d i s t r i b u t i o n s  g iven  in Tab le  1. 

B 

Func t ion  B is a u s e r - s u p p l i e d  r o u t i n e  and is u s e d  to c o m p u t e  

+ R(x i) 8¢m(Xi _+i) ~¢m (x. tl) 
BT = - , _+ i, 

Thi s  equa t ion  is s i m i l a r  to the one  fo l lowing  Eq. (9). It need  be 
r e w r i t t e n  only when  the m o d e l  v e l o c i t y  po ten t i a l  is changed .  

CHOLES 

Subroutine CHOLES solves the l inear system given by Eq. 
by the method of matr ix  factorization. 

(c-2) 

DFFIX 

Subrou t ine  DFFIX c o m p u t e s  the  v e c t o r  f ÷ -  f - .  

EVALU8 

This  s u b r o u t i n e  e v a l u a t e s  the  f in i t e  d i f f e r e n c e  c o e f f i c i e n t s ,  con-  
s t r u c t s  the  m a t r i x  (TF  k - E) G~ 1, and c a l l s  s u b r o u t i n e  CHOLES to 
so lve  Eq. (C-2) .  

FFIX 

This  s u b r o u t i n e  c o n s t r u c t s  the  m a t r i c e s  F k and G k by the  m e t h o d s  
d e s c r i b e d  in Appendix  C. 
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HDIAG 

Subrou t ine  HDIAG c o m p u t e s  the e i g e n v e c t o r s  and e i g e n v a l u e s  of 
the  m a t r i x  ,~ de f ined  by Eq. (C-3) .  

MESH 

This  u s e r - s u p p l i e d  s u b r o u t i n e  is u s e d  to f i l l  the X and DX a r r a y s .  
Note that  a va lue  is a s s i g n e d  to X(o), n a m e l y  X(o) =-X*. 

MULT and MULT2 

T h e s e  r o u t i n e s  p e r f o r m  the FORTRAN m a t r i x  r e p l a c e m e n t s  
B = AB and A = AB, r e s p e c t i v e l y .  

SETTUP 

This  is a u s e r - s u p p l i e d  rou t ine  u sed  to in i t i a l i ze  al l  p r o g r a m  
c o n s t a n t s .  

TFIX 

TFIX loads  the  v e c t o r  T(x i) by ca l l i ng  TFUNC.  

TFUNC 

This is a user-supplied routine used to evaluate the function. 

TFUNC (x) = RCx)/B 

It should be noted here that in the program the array T contains values 

of R/13 and not 13/R as  g iven  fo l lowing  Eq. (9). 
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MAIN 

IMPLICIT R E A L * 8 I A - H t O - Z I  
COMMON T(4~9| ,VEC(6gI~DUM(69150b 
COMMON/XX/XD~X( 501 
COMMON I I fIN, M.!.N..I tM l, K 
COMMON/CON TRL/ I  C 
CALL SETTUP 
OO 50 ICC=I,~ 
IC= 5- ICC 
CALL TFIX 
CALL EVALU8 
00 39 l= I tNl  

3g WRITE ( 6, l O l l  ~X( I I iT (  I I ,DUM(I tN} 
10 FORMAT(SX, I I = * * I 3 t S X ,  IX=I tFIOo3eSX~OBETAIRO = ~ t D l 6 ° 8 f S X o  

*~ DELTA= =,0 1 6 . 8 I  
50 CONTINUE 

STOP 
END 

B 

DOUBLE PRECISION FUNCTION B I J I  
IMPLICIT  REALe8LA-HtO-Z|  
COMMON IR I I  DXOtD X( 4 9) tDUM{ 5| ~ XINF tP12 
COMMON/XX/XD tE X( 50|  
COMMON T(~9I 
COMMON/BRO NN/GAM 
I = I A B S ( J )  
X=EX( i I 
Y = I / J  
B= L - Y ' T (  I ! ÷ Y * X J / (  X*X~-I.DO|'~GAMIP[2 
RETURN 
END 
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CHOLE S 

SUBROUTINE CHOLES(A•N,NV, IOI•ID2•MATSYM) 
REAL~8 A( iO| , IDZI•SUMtTEHP 

-k=-N 4:Nv 
NARD=N+I 
i F ( A ( I ,  I I . N E . O . O |  GO TO /el 
00 37 J=Z.N 

~ | ' f = - ( A ( J • l | . E O . O . O |  GO TO 37 
IFL|P=J 
GO TO 27 

3T CONTINUE 
GU TO 54321 

21 DO 57 K=I ,R 
TEMP=A(IFL IP •K I 
A( IFL IP•K )=A( L•KI 
A( [ . K ) = T E H P  

57 CONT INUE 
67 O0 2 J=2tM 

A( l t J  i=A( l • J l / A (  1L= 1| 
2 CONT | NUE 

.___oo__6.J_-z,  N 
DO 7 J=2.X 
IF(MATSYH.EQ,OI-GO TO 49 
IF( I - J  )69, 6Bv67 

49 I F ( J . 6 T ,  l ) ~  TO 69 
-GS-K=J - z 

SUM=O.O 
DO 3 IR=Z,K 
SUN=SUN~A( I • IR I~A i IR tJ )  

3 CONTINUE 
A( ieJ I=A( [ ,J l-SUM 
GO TO 7 

6q K = I - I  
- - - - ~  M-=o. o 

00 6 [ R = | , K  
SUM= SUN+A( ! • IR ) eA[ IR• JI 

q, CONT INUE 
~ l ~ - [ g t l ; i ] - ~ ' E . -  O.O.OJ GO fO--S63ZZ 

A I I • J I = I A I  I I J I - S U M I I A I [ • l l  
7 

67 A ( I t J I = A I J ,  i I = A I J t J i  
7 CONT INUE 
6 CONTINUE 

00 .52- NPR(3T3-='IqARD tM 
O0 52 K=21N 
I=N+I-K 
SUM=O, 0 
L L = I e l  
DO 5 |  IR=LLeN 

~-L~q=SLJN;'-A I-I • IR I~A( [R• NPROBI 
51 CONI |NUE 

A( I tNPRO6)=A ( I  •NPROBI-SUN 
52 CONTINUE 

GO TO L2345 
54321  N=-  L 

"i"2 3~5 RETURN 
END 
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DFFIX 

SUBaDUTINE DFFIX 
IMPLICIT R EAL*8( A-HtO-Z | 
CGMMON T( 6 9 |  ,VEC{6g) 
CUMMI3N / 1 L /N~MtNI  
COM,~ON/R I /DXOtDX|  69)  tOY 
DU 1 l = l t N l  

I V E C [  L | = - D Y * { B ( i | - B [ - I  I I  
RETURN 
END 

lO0 

E VALUU 

SUBROUTINE EVAL U8 
IMPLICIT  REAL~= 8(A-H t O-Z | 
COMMON T ( 4 9 |  tVEC{69 |  tOUM(69tSO|  t F K | 4 ~ t ~ 9 l  tAPROD(~Ot~gI  
COMMON/R L /DXOtDX(4g |  tOY tBETAt~Ot  W~CS ~X INF .P IZ  tY ~ 0¥2 
COMMON/I I / N t  MtN l tM I tK  t I U L  t 1 0 2  t I Z tNZ 
COMM[JN/ABC/A{49 ) tB (691  ,C(691 
CALL OFF IX 
DL] I I=ItNI 
rio 1 J = l t N l  

1 D, UM( I ~ J | = F K (  I ~ J |  
QI=DY2e{ DX( 1 | - 0  X{ i Z I 1 / (DX{  1 ) sOX( I Zl | 
PL=DY2*DX(IZJ/(DX(I)*{DX(I|+DX(IZ)|| 
OLIN{ I t  l |=DUN( l ~ l I - .  5DOW~(T [ 1 | * O l - B ( l )  | 
OUMI 1,2|=DUM{LtZI-,5DO,=,ITII!*PI-AII|| 
130 65 l = 2 t N 2  
QI=DY2* {OXI  I | - D X i  I - I | | / I D X I I I ~ , D X I I - I I I  
PI=DYZ=DX{ I - I | I { D X ( I I * I O X { I I + D X I I - I I  I I  
R I= -DYZ*DX(  I ) / ( D X (  I - I | W , ( D X ( I ) + D X { I - I | | |  
DUMi I t l - ' l  I=OUM( I t l - I  1 - .  5DO'( T( 11 * R I - C  I I I ) 
OUR( ItI|=DUMIItII-.5DO~'(T{IIeQI-8(II I 

65 DUM( 1, I~L|:DLJM[ I t i + I | - . 5 D O W W i T i l I * P I - A ( I I I  
RI=-DYZ*DX(NII/{DXINZI*(DX(NIi+DX(NZII| 
OI=DYZ*(  DX(N I | - D X (  NZ| | / ( O X ( N I I * D X ( N Z I  | 
OUMINI tNZI  = D U M I N I t N 2 ) - °  5DOe{ T I N I I * R L - C I N I I  | 
DUN{ N i t  N I l  =DU~4{ NI~ NI ) - °  5 0 0 . (  T I N I  | ~ O l - 8 1 N I |  I 
CALL RULT2 ( DU,~. APROO| 
DU 20 I = L I N I  

20 DUMi I tNI=VEC(I|  
CALL CHOLES([)UMtNIpL~IDI~IDZtO| 
DO 6 I=[tN [ 

4 D U N ( I , N I = D U M ( I t N I / ( Z , D O * D Y I  
RETURN 
END 
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FFIX 

SUBROUTINE FFIX 
IMPLICIT REAL*8( A-Hi O-Z) 
COMMON T(6,9),VEC(6,gItTMP(6,9t§OI,FK[6,9,6,9),APROO(6,9,6,9) 
COMMONIRIIOXOtDX( 6,9| tDY~DUM(S} ,,,PI2 
DIMENSION D ( 4 9 ) t D G ( 4 9 ) t D F ( 6 9 )  
COMMON I I  I I N t M , N  [ tM I , K  
COMMONIABC IA( 6,9 ) tB(69) tC(6'91 
DY 2=- 2. DO*D YW~DY 
DO 20 | = I t N I  
A( I I = D Y Z / ( D X I I I * I D X ( I I + D X ( I - I I I I  
B( I I=-2.DO-DY21(DX{ I )*DX( I -L I  l 

20 C(II=DY21(DX(I-LI*IDXIII+DXIt-Ii ) l  
D( I I = ] , D O  
N Z = N I - I  
DO 30 I=I .N2 

310 D ( I + I I = A (  I I~O( I ) / C ( I + l l  
00 60 I = I , N I  
DO 60 J = l t N L  

60 F K ( I t J  )=O.DO 
F K ( I t  I l l = B ( 1 }  
DO 6,0 l = 2 t N l  
FK{ I .  I }=B{ I ) 
FK ( I ,  I -L )=DSQRTIC ( I IW~A( I - I }  ) 

6,0 F K ( [ - I t I  ) = F K ( I  t I - l )  
] EGN= 0 
CALL HDIAG( FK tN [  ~ [ EGN.TMP tNRN) 
DO 50 I = I , N I  
VEC( I I=I .DOIDSQRT(D|I I I  

50 O ( I } = F K ( [ t I )  
DO l I = I , N I  
DF( I )= O.DO 

I D G I I ) = I . O 0  
00 2 I K = I t K  
DO 2 I = I , N I  
DG( I )=D( I )'DOG( I ) 
DF ( I )= ( -  I } " *  IK/DGI I ) +OF ( I ) 

Z D{ I ) = 2 . D O - D (  I IWW~w2 
EE= ( -  [ )@~=K 
DO lO I = I , N I  

10 DG( 1 )=EE*DG( I I 
00 501 J = I t N I  
O0 501 I = I , N 1  
APRO D( I ,  J)=TMP( I , J  I M)G(J)  

§Ol F K ( I , J } = I M P ( I , J ) ~ O F ( J |  
DO 502 [ = l , N l  
O0 502 J = I , N 1  
&PROD(I .J }=VEC(  I ) ' I ' A P R O D ( I , J I  
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FFIX 

502 F K ( I t J ) = V E C ( I I ~ F K (  [ t J }  
DO 503 I = 2 t N l  
I M I = I - I  
DO 503 J - l t l M l  
TEMP=THP( I ~J | 
TMP| I~ JJ=TMP(Jt I j  

503 TMPIJ~ [)=TEMP 
CALL MUL TZiAPRODvTMPI 
CALL MULTZ( FK,TMP } 
DU 504 J = i t N l  
TOM= I,DOIVEC( J ) 
DO 50~ I = I , N I  
APRDD( I ,  J )=APROD( I ,  J)~TOM 

504 FK(L~J)=FK(  I t J } , I ,  TOM 
RETURN 
END 
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C 
¢ 

HDIAG 

SUBROUTINE HDIAG (H tN .  IEGENoUINR) 
SUBROUTINE HDIAGo 

PROGRAHED BY F.  J .  CARBATO AND NoMERWIN OF THE NIT 
i COMPUTATION CENTER. 

C 
C 
C 
C 

THIS SUBROUTINE COMPUTES THE EIGENVALUES AND EIGENVECTORS 
0 F A REAL S_.VM.~E.T. R_I_C _M_a_T__R I___X_:.. H, ._OF .O.~O_E R_..N_..t___W_H..E.RE _N_ M__U_ST_LE_ _LESS_ 
THAN § | I t  AND PLACES THE EIGENVALUES IN THE DIAGONAL ELEMENTS OF 
THE MATRIX H, AND PLACES THE EIGENVEGTORS {NORNALIZED I IN THE 

C 
C 

COLUMNS OF THE MATRIX U. IEGEN IS SET AS [ LF ONLY EIt;ENVALUES 
ARE DESIRE_O,A.ND_[_S...SET .T_O._.O..XH.E__N..V_ECTO_R_S___AAR__ E R.__._.EQUIREO° NR CUN- 
TAINS THE NUMBER OF ROTATIONS DOKE° 

C He Ne IENLfEN, Ut AND NR OF THE ARGURENT LIST ARE DUMMY VARIABLES 
C AND HAY BE NAHED DIFFERENTLY IN THE CALLING OF THE SUBROUTINE. 
C 
C 
C 
C 
C 

SUBROUTINE .PLA_C.ES..COMP..U.TE R._J N .,THE..FLOAT 1 f~  TRAP HO_DE 
• THE SUBROUTINE OPERATES ONLY ON THE ELEMENI-S OF H THAT ARE TO THE 

IGHT__O._F. TH..E. M_A_[N _DI.Ab.'.ONAL,_ .T.H..US t..O_NLY A TRIANGULAR 
SECTION NEED BE STORED IN THE ARRAY H. 

IMPLICIT REAL*B( A-H 10-Z ) 
DIHENS'ION H(~cJt69I.U{69.6919XI~9|~IQ(I,9) 

2 FORHAT(16H MAX OFF D IA la= tF l l t ,Te3 r INR ' - .13 |  
--'~(~6 i--~-~]~M AT t L X, i3E IS,,B) . . . .  

200 :) FORMAT(EBH ORTHOGONAL MATRIX) 
200 3 FORMA T ( 1 5 H R  O-TA TED HA TR [ X | 

SIGNI X I ,XZI=DSIGN(  Xl e XZ! 
SORT(XI=DSQRTI X|  
ABS(XI--DAB5| Xl  
IF-('IEGEN,NE',OI GO TO L5 

10 O0 16 I = I , N  
I)0 |~  J = I , N  
E F ( I - J . N E . O )  GO TO 12 

11 U ( i , J ) = [ * O  
GO TO 14 

12 U I | t J l = O . O  
14 CONTINUE 
15NR = O 

I F ( N - I , L E , O )  GO TO 1000 
C 
C 
C 

SCAN FOR LAkGEST OFF-DIAGONAL ELE~4~NT IN EACH ROH 
X I I I  CONTAINS LARGEST ELEMENT IN ITH ROW 
I'Q(-[-) "HOLDS- "SEC'rJNO"SL)BSCRIPT OEF INLN~, POSITION OF ELEHENT 

IT NNI 1=N-1 
D0--3()- i= Z, NMI Z 
Xl i l = 0 . 0  
I P L I " I + I  
O0 30 J = I P L | , N  
I F T X I - | I Z - A B S ( H | I - ; - J I ) . 6 T .  OoOI t;O TO 30 

20 X I I ) = A B S [ H (  I , J I  I 

] 0  CONTINUE 
C 

C 

SIT INDICATOR FOR SHUT-OFF.RAP=2~- 'ZTtNR"NO.  OF ROTATIUNS 
RAP-' To45OS80596D-9 
HDTEST,,k o0038 
FIND MAXIMUM OF X I I )  S FOR PIVOT ELEME#kT AND 

3? 



AEDC-TR-75~8 

HDIAG 

60 
TEST FOR END OF PROBLEM 
DO 70 I = I t N M I I  
I F ( I - i . L E . O I  GO TO 60 
I F I X H A X - X ( [ | . ~ ; E . O . O )  L,U TO 

60 XHAX=X(I I  
IP IV= I 
J P I V = I Q ( I )  

70 CONTINUE 

T0 

IS H A X .  X( I !  E(JUAL TO ZERO, IF LESS THAN HOTEST, REVISE HDTEST 
I F ( X H A X . L E . 0 . O I  GO TO LOOZ 

C 

| . L E .  0 . 0 )  GO TO 110 

80 |F IHDTEST.LEoO.O)  GO TO gO 
85 IF IXqAX-HDTEST.GT.0 .  O| GO TO 168 
90 HDIHIN = A B S ( H ( L , I )  ) 

DO r i O  I=2 ,N  
IF IH 'D I "  IN- ASS( -H-I-l-, i ) 

100 HDIHIN=ABSI H I I f i )  ) 
| I 0  CONT [NUE 

HDTEST = ttOIHIN.I, RAP 
RETURN IF NAX.H I I t J )Ln -SS  
IFIHDTEST-XMAXobE.O.O!uO 

168 NR = Nfi+I 

THANIZVe-•?) ABS IH IK~K | -M IN I  
TO t 002 

C COMPUTE TANGE.qT, SINE AND COSINE,HI I_ t_ I )~HIJ tJ . |  
150 IANb=S.|uN( 2.0,(HILP|V,IP|V|-H|JPIV,JP¿V||JVH(IP|V,JP|V)/ (ABS(H I I  

| P I V ,  I P I V I - H I J P I V , J P I V )  I+Sf./RTI(HIIPIVtIP[VI-H(JPIVtJPIV))~Zs'6.0'~H 
- - ~ ( - l p  I ~' ;,-Jp I v I * * ,  +. ) I . . . . .  

C o s  INF  = L .O/SOre  T I I ...O.+_T A. NL; .*_*2 1 
SINE= TANG*COS I NE 
H I I=H i  I P l V , Z P l V i  
HI IP |V ,  IP l  V )=COS|NE* tZ4 ' IH |  i *TANu' I ' IZ .  VH(| P IV ,  JPIV | ~'TANbS~ |JP IV,  

I JP IV )  | I 
- - -  i.l( JP ['V, JP! V)-=C O S ['I~E-4"~'Z-~(H ( JP | V, J P I-Vb -TANGe (~-.'~"H ( i P IV,  JP i  V ) -T AN(,,v H 

f i l l !  
~l I p z V ; j p t v l = o . o  
PseuDo RANK THE EIGENVALUES 

C ADJUST SINE AND COS FOR COMPUTATION OF H ( I K I  AND U | I K I  
I F I H ( I P I V ,  IPI..V|.-.H|JPI.Vt_.JP|_V.I_oGE:O:0I GO TO 153 

152 HTEMP = H I I P I V ~ I P | V |  
HI I P ] V t l P E V )  ,, H | J P I V , J P I V |  
HI JP [ V ,  J P i V ) -=--H TE MP 
RECOHPUTF SINE AND COS 
HTEHP = S [GNI I .Ow -S INE)  v CCSINE 
COSINE = ABS (S INE)  
SINE "'~'-HTE HP 

153 CONTINUE 
;NSPECT THE |QS BETi,IEEN A * |  AND N- I  TO DETERHINE 
WHETHER A NEW MA, XI.',IUH VALUE SHOULD BE COMPUTE0 SINCE 
THE PRESENT MAXIMUM IS IN THE [ OR J ROW. 
00  3 5 0  [ = I , N M I L  
IF ( I -  I P IV,E(~. 01- GO--TO-3$O 
I F ( I - I P I V . L T .  0 ) GO TO 210 

200 I F | I - J P I V . E Q . - i ) - | ~ O  rO ] 5 0 - -  
2tO I F ( I Q |  I ) - I P I V . E O .  O| GO TO 260 
Z]O IF(  I(}( I I - J P I V . N E o  O | GO TO 350 
240 K = I O l I I  

-25(j-I;tTEMP =- H( I t K )  
H ! I t K !  ~' O . O  

38 
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C 

I P L I  = I + 1  
X ( I )  = 0 . 0  
'S'L:J~RCrl IN DEPLETED RI3H FOR NEN MAXIMUM 
DO 320 J : IPLI .  oN 
I F (  X ( I ) - A S S |  H ( I t J )  ) . G T .  0 . 0 )  GO TO 320  

300 X i I )  = A B S ( r t ( i , J ) )  
l o l l )  = J 

320  CONT INUE 
H I I t K )  = HTEMP 

350 CONTINUE 
X ( i P I V )  = O.O 
X | J P | V )  = 0 . 0  
CHANGE--I"HE"-OTI4ER ELEMENTS OF H 
I)(3 530 I . . -  I t N  
I F - ( I - I J ) I V . E Q .  O ! (.,O TO 530  
I F I I - I P I V . G T .  0 ) GO TO 620  

370 HTEMP = H I I , I P l V |  
H I I , I P I V )  = COS[NE'I'HTEMP • S I N E < ' r t I I , J P | V )  
I F ( X l l )  - ABSI H l [ t l P l V )  ) . G E .  0 .O  I GO TO 390 

380  X ( I |  = ABS( HI I , I P I V )  ) 
l o l l |  = [ P I V  

390  H ( l e J P I V )  = -S |NEeHTEMP • C O S I N E e H I I  ~ J P I V |  
I F (  X ( { |  - A K S ( H t I , J P I V )  ) o G E o  0 0 0  ) GO TO 530  

600 X ( [ )  = ABS( H ( I , J P I V )  | 
I Q ( ! )  = J P I V  
GO TO 530 

k20  I F (  [ - J P | V ' . E Q .  0 ) GO TO 530  
I F i i - J P I V . G T .  O | GO TU 480  

-630 HTEMP = H I I P I V t l )  
H I I P I V ~ I ]  = CO$INE~'HTEMP ÷ SiNE~H.(L,__Jp_iv) 
I F (  X l  i P i - V ) - - - - - - A B S i - ~ - ( - [ P I V t I I  ) ° G E .  000  ) GO TO 450  

4 4 0  X ( I P l V )  = ASSi H ( I P I V t / )  ) 
l-~ 1p sv |  = ; 

650 H ( X t J P | V )  = -S INE~r ITEMP ÷ C O S I N E t H [ |  p J P I V )  
I F (  X | I | -  ABS! H ( I , J P I V I  ) oGE.  O.O ) GO TO 530  
I F ( X l l )  - A B 5 ( . H I I , J P I V )  ) . L T .  0 . 0  I GO TO 400  

680  HTEMP = H ( I P J V I ,  I I  
H ( I P I V , I )  = COSINEeHTEMP 4, S I N E ' ~ H I J P I V , I I  
| F I  X( I P I V  ) - ABS( HI I P I V , !  ) } . G E ,  0 . 0  I GO TO 500 

690  X I I P i V )  = ABS( H I i P | V t r l  ) 
I Q I I P I V )  = ! 

500 H ( J P l V t l )  = -S INEeHTEMP 4. C O S I N E ~ H ( J P I V t i )  
I F ( X ( J P I V )  - ABS(--N-t-JP-i-~/-;I! ) . ~ , E ~ 0 , 0 ) - ~ - O -  TO 530  

510 X ( J P | V )  = A B S ( H ( J P I V e I )  ) 
I O i J P i V l  = I 

530 CONTINUE 
C TEST FOR COMPUTATION OF EIGENVECTORS 

I F I I E G E N o N E . O |  GD TO 60 
5~0  DO 5-50- I- = - i ~ ' N  

HTEMP = U ( I p | P I V )  
II (-l;-i-I~1-V-) - ~ -  COS INE eHTEMP 4. SINE ~U( I • JP |  V) 

550 U ( I , J P I V )  = -SiNE~tHTf 'MP4~COSII~E~UiI  t J P i V )  
GO TO 60 

1002 CDNT|NUE 
1000 RETURN 

END 
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ME SH 

SUBRCIUTINE MESH 
LMPL LCLT R EAL=8(A-HtO-Z l 
COMMON/RL/DXO,DX(49)~DYtBETAeROtCICS~XINF 
COMMON/[ I/N,M, Nl 
COMMON/XX/XD, X| 50| 
IZ=O 
X I I Z I = - X I N F  
X(N)=XINF 
DO I I = I , 5  
X( I )=- XINFeI~3.00 
00 2 l=6t44 
X( I)=-5,OO+(I-5|'w. 2500 
DO 3 I = 4 5 , 4 g  
X( l l = 5 . O O ~ {  1 - 4 5 } ~ 3 . D 0  
DO 4 I=IZ,N1 
[ ' ) X l l l = X ( l + l l - X { l l  
RETURN 
END 

3 
2 

MUL T 

SUBROUTINE MULT (A, B) 
IMPLICIT REAL~8(A-H~O-Z;  
COMMON/I I /NtM=,NI 
DIMENSION A ( 4 9 ~ l l v B ( / e g t l j  ~TEMP(69} 
DO I J = l t N [  
O0 2 I = I , N I  
SUM=O.DO 
DO 3 K=L,NL 
SUM=SUM÷A( L,KI=B|K tJ l  
TEMP ( I )=SUM 
DO L I = l t N l  
B( I , J I=TEMP(  [ I  
RETURN 
END 
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SUBROUTINE MULTZ(A tB) 
IMPLICIT R EAL*8(A-H tO-ZI 
COMMON / I I /N,NtNI 
DIMENSION A ( 4 9 , I | , B ( 4 9 , 1 | , T E M P ( ~ g l  
DO I I=L,N1 
DO Z J= I tN l  
SUM=O.DO 
DO 3 K=I,N1 
SUM=SUM+A( I , K | * B |  K , J |  
TEMP[ d )=SUM 
DO I J=LtNL 
A( ItJ|=TEMPiJ| 
RETURN 
END 

C 
C 
C 

SE TTUP 

SUBROUTINE SETTUP 
IMPLICIT REAL*B(A-H,O-Z! 
C[IMMON/R I/DXO,DX( 49| ,DY,BI-TA fRO tC tCS,XI NFt PI2 ,YtDY2 
COMMONII I /N, M,N [ ,MI ,K m IOl ,  ID2,1Z,NZ 
COMMON/B ROWN/GAM 

TNIS SUBROUTINE IS FOR INXTIALIZING PROGRAM CONSTANIS 

Y = I . D O  
XI, NF= ZO.OO 
N=50 
M= [6  
K=3 
BETA=4.DO 
RO=I .DO 
GAM= [ .  00 
IDl=4g 
I 0 2= 50 
IZ=O 
N I=N - l 
N 2=N- 2 
OY=Z.DO*YIM 
DY2= 2.DO*D Y 
P I = 3 , 1 4 1 f i  ~Z65 
P I 2= 2.DO*P I 
CALL MESH 
CALL FFIX 
RETURN 
END 

3589 793Z O0 
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2 

SUBROUTINE TFIX 
IMPLICIT R EAL'W8( A-H,O-Z ) 
CO,'4MON T ( 4q ) 
CCMMONII IlN,M,NI 
CEJMMON/R I/DXO,DX(4qI,JY,BLTAeRO,C,CS,X|NF 
COMMON/XX/XD t X(50) 
.00 2 l = l , N l  
T( [ ) = T F U N C (  [ , X ( I )  ) 
RETURN 
E N.') 

TF UNC 

l 
2 

3 

4 

DOUBLE PRECISION FUNCTIC.N TFUNC(ItX) 
IMPLICIT REAL*8(A-H,O-L I 
COMMONIC ONTRL/I C 
TFUNC=DMAXL(X,O.DO) 
G3 TO( L t 2 p ) , 4 ) , I C  
R ETIJR N 
I F ( I • EQ • 26 ) TFUNC=O .D 0 
iF ( I .E~. 21| TFJNC=. 2bU 0 
IF( I .E(J. 28 ITFUNC=. 5DO 
P F TUR N 
LF(|°-r'Q.2b.OR.t.EQ.Z7~TFUNC=O-DO 
IP (  [ .E(,). 28)  TFUNC=. 25D 0 
I F (  [ °EfJ.  29 )  TFUNC=, 5DO 
IF ( I .EQ • 30) TFUNC=. 85D0 
I F I  [ .E~).3I)TFUNC=I.2DO 
IF-( I .E(J. ]Z ; TFUNC=I. b5DO 
RETURN 
IF( I .EQ. 26 °OR. I .EQ. 27.0Ro I .EQ.281 TFUNC=O .30 
IF ( I .EQ. 29 )TFUNC=. 2DO 
IF( I .EQ°30)TFUNC=. 45D0 
IF ( I .EQ. 31 ) TFUNC=. 700 
I4:( I 
I F ( I  
I F (  I 
I ~ 1  I 
I F ( I  

.E (Q. 32 ) TF UNC=• 
.EQ • 33)  TFUNC= 1 
,EO.  34 J TFUNC= 1 
• EO . 3 5  )T~IINC= l 
. E O . 3 6 ) T F U N C = 2  

~751)0 
,3DG 
• h i )  G 

• g 5tJ 0 
• 375D0 

I F I A . E Q . 3 7 ) T F U N C = Z . 8 5 D O  
IF (  I . E O ,  38 ) T F U N C = 3 . 2 5 D 0  
RETURN 
END 
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C 

CL 

h 

R(x) 

S 

U 

x . y  

X , Y  

T 

V r  

5 

6x, 

@ 

~m 

NOMENCLATURE 

Airfoil chord length 

Lift coefficient 

Semiheight of tunnel 

Porosity parameter 

Airfoil surface area 

Free- stream velocity 

Normalized Cartesian coordinates 

Cartesian coordinates (Fig. 1) 

Compres s ib i l i t y  p a r a m e t e r  

Vor tex  s t reng th  

Lift  i n t e r f e rence  fac tor .  Eq. (13) 

Fini te  spacing in x and y d i rec t ion  

P e r t u r b a t i o n  veloci ty  potent ial  

Int e r f e r e n c  e veloci ty  potent ial  

Model veloci ty  potent ia l  
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